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The Theory of Concentrated Langevin Distributions*
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Princeton University

Communicated by C. G. Khatri

The density of the Langevin (or Fisher-Von Mises) distribution is proportional
to exp xu'x, where x and the modal vector ¢ are unit vectors in R9. x (>>0) is called
the concentration parameter. The distribution of statistics for testing hypotheses
about the modal vectors of m distributions simplify greatly as the concentration
parameters tend to infinity. The non-null distributions are obtained for statistics
appropriate when x,..., x, are known but tend to infinity, and are unknown but
equal to x which tends to infinity. The three null hypotheses are

Hy iu=py(m=1), Hy ==y, Hy,:p, €V, i=1l,..,m

In each case a sequence of alternatives is taken tending to the null hypothesis.

1. INTRODUCTION

A random vector x in R? of length || x| unity is said to have the Langevin
distribution if its probability density is given by

a (k) texprx'y  (lull=1,x>0) (L.1)

on the surface 2, = {x||| x| =1} with area w,=27%?/I(g/2). The mean or
modal direction is called 4, and x the concentration parameter of (1.1).
Writing x = tu + (1 — £2)? & with || €] = 1, u'¢=0, t = x'u, we have

do,=(1-)""dw, |, a,K)=Q0)"I,,_(kK)xk ", (1.2)

where 1,(z) is the modified Bessel function of the first kind, of order v.

Received September 1981; revised August 20, 1982.
AMS 1980 Subject classifications: 62E15, 62F03.

Key words: Directional data, Langevin distribution, Fisher-von Mises distribution,
hypothesis tests, estimates, multivariate Gaussian distribution, non-central chi-square
distribution, non-central F distribution.

* This research was supported in part by a contract with the Office of Naval Research.
No. N00014-79C-0322, awarded to the Department of Statistics, Princeton University.
74
0047-259X/84 $3.00

Copyright © 1984 by Academic Press, Inc.
All rights of reproduction in any form reserved.



LANGEVIN DISTRIBUTIONS 75

Statistical theory for the Langevin distribution was observed, in Watson
[3] for g =3, and Watson and Williams [4], for general g, to become much
simpler when k — c0. The proofs when given were informal or used limits of
exact results. An account of the theory for fixed g, n, and x with remarks
about some optimal tests has been given by Mardia [1]. Watson [2] gave a
self-contained account of estimation and testing for all ¢ and x as the sample
sizes n; tend to infinity. That paper gives, for the first time, tests for relations
between the modal vectors of populations with possibly different concen-
tration x; and the non-null distributions of all the test statistics proposed.

In Section 2 we find the non-null distributions of

2r(| X || — 1 X) (Hoy: it = thy), (1.3)

2 (Z K 1 X — 2 KX ) (Hoz:ﬂizl‘j’w’j)’ (1.4)
i=1 i=1

2 S (X =11 X [l (Hoy:1; € V, Vi), (1.5)

i=1

when «,k,,...,k,,— 00 and the alternative hypotheses tend to H, at rate
k=2 In (1.5) X,, is the part of X; in the subspace V. The sample sizes
Hy N,y 1, Will be fixed. These are some of the test statistics studied in
Watson [2] where the n’s —» oo and the x’s are fixed. No claims are made for
the optimality of these statistics here, but they each have geometric forms
which make them suitably invariant, appropriate to their associated null
hypotheses, and simply distributed as the concentrations tend to infinity.

In Section 3, we derive the non-null F distributions of the Watson and
Williams F statistics for testing H,,, H,,, and H,, when the k; are equal but
unknown. These statistics are obtained by replacing the x;s in (1.3), (1.4),
and (1.5) by an estimate of the common «, and are stated explicitly in (3.9),
(3.11), and (3.12).

In Section 4, some inconclusive remarks are made about the statistics that
might be used if the x; are unknown and unequal.

2. TESTS WHEN THE CONCENTRATION ARAMETERS ARE KNOWN AND LARGE

(A) It follows from (1.1), (1.2), and the asymptotic expansion for
I,(x), that the parts of x along u, u'x and orthogonal to g, x,, are
independent, and that, as x —» oo, 2k(1 —u'x) is asymptotically X7_,, and
that x'?x,, is asymptotically Gaussian with zero mean vector and
covariance matrix P, =1 — up’. Briefly #x'’x , - G0, P,).
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(B) To study the test (1.3) we consider a sequence of alternatives with

u=(e+r 21 +Kk716'6)"", b Ly,
—-1/2 —1 6’5 —3/2 (2.1)
=ly+ k"0 —«k —2—-1-0(K ).
If we now write
x=po+ (1 —u’)"n nlu, n'n=1, (2.2)
the joint density of u and # is seen to be proportional to

exp(=x(l —u) + k(1 —u?)"? §'y — 1 §'Su)(1 — u?) 9= (2.3)

on neglecting terms O(x ™ '/?). Hence if we set v = 2x(1 — ) and let k¥ — oo,
(2.3) becomes

exp (~i+ v’”é'ry—ﬁ) pla-bm=t (2.4)
2 2
This shows that
Lw=0v""1)-G,6,P,), (2.5)
so that
_f/w’w—»Xf,_l(cS’é). (2.6)

If x,,x;,.,x, are independent observations from (1.1), X=3"x, is
sufficient for x and u. Since (2.2) can be written as

X =H, (1 ——9—> + 572w 4 0(k ),

2K
) (2.7)
X=p,Y (1 -—2')’;—) +x7 28w, + Ok 7).
1
The remainder in (2.7) is of order x ~*? in probability. Thus
1 &l
X'X=n? _Wl (i + v, —wiw,—wiw) + Ok %)
or o (2.8)

XX = =25 (w,— ) (w, = ) + O ),
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where w=n""'Zw,. From (2.7), X - nu,, || X|| - n, in probability as x — oo,
and

uX =3 (1= v,/26) + 00, 29)

and

2

X'X = (g, X)? + —w 24 0@k 2. (2.10)

Thus from (2.8), taking || X||2 = X"X.
k(n* — | X[ =n ¥ (w,— ) (w;— ) + Oc™"),  (2.11)
k(IXI1? = (6X)?) = n*'% + O ), (2.12)
so that

Kk — Wi X)) =nY wiw;+ 0K ") (2.13)

Equations (2.11), (2.12), and (2.5) show that 2x(n—|X]|]) and
2(| X|| — ugX) are, as k- oo, asymptotically independent non-central chi-
squares with degrees of freedom, respectively (n — 1)(g — 1) and (g — 1), and
non-centrality parameters zero and n||d|°, respectively. The latter result
gives the non-null distribution of the statistic (1.3) which is asymptotically
equivalent to x || X ,¢[*/n.

(C) We study the statistic (1.4) given a sample of n, from the ith of m
populations of the form (1.1) with modal vectors

s = (g + Ki_l/zéi)(l + Kflaf 61‘)_ 1/2’ 5i 1w, (2.14)

and concentration parameters x;. The ith sample vector resultant may be
written, as in (2.7),

i v " _
X =ty <1 _24) + K723 wy+ Ok ). (2.15)
i ki i=1

D KX = ﬂo(Z ini—%ZZvu) Z zlwij+0(m.inxi)_l/z'
i [ i=1 ¢

) (2.16)
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We will suppose that

b= lim ZK% >0 (2.17)
so that 3" 4,=1.
From (2.16), and recalling that v;; = wj;w,;,
X
%Z\j’:—.n.‘”“’ 1 (prob), (2.18)
and
i) =12 kX NI wy)' (2 Ki*wy
=22 v;—
2 Kin, 2K
A
+0 (mm ?), (2.19)
so that
¢ \ / Q" w) (U kP w))
2 (Zl kng — “Z KiXi{ ):ZZWUWU“ S kn,
A
+0 (mm ?>. (2.20)

But from (2.11)

2 (S K;n; — 2 K; ”XzH) = 2 z (W —w)' (wy —w;) + O(min Ki)_l’ (2.21)

3 y
rJ
so subtracting (2.21) from (2.20) and letting the x,;'s - co,

2 Kmy '

where the w, are independent and G (J;, n; lPuo) by (2.5). Hence, as x — oo,

Tk X = I kX ) - nwlw,
2 (Sl = L) 3 S oot )

22 <S K 1 X — }: KiXi“> _’Xfm—l)(qq)('l),
s (2.23)
A= 2 n; “51'“2 - :("1'11')1/2 d;

which gives the non-null distribution of the test statistics (1.4). For use in the
next section we note that Y x,(n,—||X;|) and Xk, | X, — |2 x;X;]| are
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asymptotically independent, since the former depends on deviations from
means, the latter, only on means. Furthermore (2.21) also shows that, as the
K;s > @,

2 (2 Ki(ni——”Xi”))AX(zn—m)(qfl)’ (224)

where n=3}"n,.

(D) We study the statistic (1.5) for the sequence of alternatives
(i=1,.,m),

My = (g + k31 + ki '616,)"", €7, §,€7H (2.25)
so that

L 818,50 + O(kci ') (2.26)

By =M + K70, — I
{

Here 7" is a subspace of dimension g—s, and 7 '* its orthogonal
complement. Let P, and P, be the orthogonal projectors onto these
subspaces so that X;, = P X;. Hence from (2.15),

Ko=to Y (1=5L) + k7 Pmp i+ 0667 (227)
J

so that X,,, like X;, tends to n,u,, and X,,, tends to the zero vector in
probability as ¥ - oo. Thus

X l* = n} ——‘S " HP Wil + 0k,
l i
so that

2, — | X, )= Y whwy — | P |1* + Ok ')
j

= Z (wy —w) (W, —w,) +n; [P, WiHZ + O(Ki-l/z)- (2.28)
J
Also
Kl X1 — ”XiUHZ) =K; IIPvLXiHI’

so that _

261X = 1 X ll) = 12 || Py owil[? + O 2). (2.29)
Subtracting (2.29) from (2.28), we obtain

26k = | XD =Y (wy; — w)(wy — W) + O V?) (2.30)

j

683/14/1-6
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Equations (2.29) and (2.30) show that 2x(||X;||—|X,[) and
2k(n,— || X;|]) are asymptotically independent chi-squares with degrees of
freedom s and (n,— 1)(g— 1), and non-centrality parameters n; || d,||* and
zero, respectively. Thus the distribution of (1.5), 2 31, (1. X, — | Xy, 1) is
Xms( 111 G:11).

3. TesTS WHEN THE LARGE CONCENTRATION PARAMETERS
ARe ONLY KNowN TG BE EqQuAL

When all the ;- oo, consistent estimates of the k;’s may replace them in
the statistics (1.3), (1.4), (1.5) to give tests suitable for unknown concen-
trations. Further, the large sample behavior of the statistics is unchanged by
these substitutions. This strategy is not available when the n; are fixed but it
is known that all the «; are large.

Writing 4 () = a,(k)/a,(x), the maximum likelihood estimates of x, given
a sample of n, are defined by

A R,)=u'X/n (4 known), (3.1)
A R)=|X||/n (# unknown). (3.2)
In Watson [2], for example, it is shown that
0<4,k)<1,  A;x)>0,
@-1D1, (q—l)(q—3)i+0< 1)

2k 8 K? P

(3.3)
Ayfk)=1-

k)

From (3.3) we see that (3.1) and (3.2) always have unique solutions. If these
solutions are large, (3.4) shows that they will be, to a first approximation,

-~ _(g=1) =n -_g-1) n
= _ = —_ 34
WE T T a—exe T T w DX 3-4)
The limiting distributional statements are
Wmie(l — AR 7 Xna-ns  2m(1 = AR 2 X6y vy (K> ).
3.5)

These statements only show that 12" and « tend to infinity. It is not true that
they tend to k. However, it is true that

kK nl@g—1) K, nlg—1)
L (36)
K % Xin-vg-n K % Xnag-u
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The last assertions provide a simple way of making tests and finding
confidence intervals for x’s as suggested by Watson and Williams [4].

To make tests of relations between modal vectors when the concentration
parameters are known to be equal to k, say, we may proceed as follows:

2401 X))~ 13X) 3 nl — 1)%,’9—, (3.7)
which is proportional to
(X1 = ueX)/ (@ — 1) 38)

= [ X1 =g =1) 7 Fa-tn=na-n:

when the null hypothesis H,, in (1.3} s true, by the results of Section 3(B).

The statistic (1.4) becomes 2x(3_ || X,/ — | 2" X,||). A pooled estimator is
given by K = n(g — 1)/2(n— Y | X,|]), n =Y n,. We are led to a test statistic
proportional to

Xl =12 Xl
S 15D G2
By the results of Section 3(C), we may use
QX — 12 X))/ m—1)g — 1)
(n - > IIX,'H)/i(n Tm)g—1) @ m-h@-na-ma@-n (k= ),
(3.10)

when H,, is true.
The statistic (1.5) becomes 2x 3/, (|| X;[| —[| Xy [), and we will replace x
with x, so the new statistic is proportional to

2 (Xl =1 Xa D
2 (=Xl )

Suppose that the subspace ¥ has dimension g — s and hence dim(V'*) =s. It
then follows from the results of Section 3(D) that

20X~ Xy lyms
(1= S X,/ —m)g—1)

when H,, is true.

The results (3.8), (3.10), (3.11) justify the tests proposed by Watson and
Williams [4] when all populations have the same concentration parameter.
In these circumstances we can give the non-null distributions of these test

Fms.(n—m)(q—l)’ (311)
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statistics (and hence compute their powers) by using the results of Section 2.
We will use the same sequences of alternatives as in Section 2. They will be
non-central F distributions.

4. TESTS WHEN THE CONCENTRATIONS ARE LARGE
BUT PosSIBLY DIFFERENT

Here we must adapt the statistics 203 x| X,[|— |3 x;X;[|) and
23 k(| X/l = | X;p I for unknown and unequal x;’s. Replacing the ks by
their estimators as in the last section, the former becomes proportional to

X | y
)il M |X|| (1)

the latter to
;m(lmll—ﬂ%fll)- (4.2)

As all the x;— o0, it is clear that (4.2) becomes a linear function of
independent non-central F’s, a distribution which is not tabulated. The
statistic (4.1) becomes a more complicated function on non-central F’s. Thus
neither of these statistics seem to have a distribution that will be useful in
applications at the moment,
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