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r[II. On Lines and Planes of Closest Fit to Systems of Points
in Space. By Kart PearsoN, FLR.S., University College,
London *.

1) I\T many physical, statistical, and biological investi-
ations it is deulrahle to represent a system of
soints In mee three, or higher dimensioned space by the
< best-fitting 7’ straight line or plane.  Analytically this
~onsists in taking
y=ay+ax, or c=a,+ax+b,y,
0T Z2=Qy+ QT+ UsTy + A3y + . . . + 0nT,,

where y, 2, 2, &y, &, . .. a are variables, and determining the
« hest ”” values for the constants ay, ay, 0y, a,, a1, as, a3, . . . an
in relation to the observed corresponding values of the

variables. In nearly all the cases dealt with in the text-books
of least squares, the variables on the right of our equations
are treated as the independent, those on the left as the de-
pendent variables. The result of this treatment is that we
get one straight line or plane if we treat some one variable as
mdependent and a quite different one if we treat another
variable as the independent variable. There is no paradox
about this; it is, in fact, an easily understood and most im-
portant feature of the theory of a system of correlated
variables. The most probable value of y for a given value
of &, say, 1s not given by the sume relation as the most pro-
bable value of = for a aiven value of y. Or, to take a concrete
esample, the most prob:ble stature of a man with a given
length of leg ! being s, the most probable length of leg for a
man of stature & will not be 2. The ¢ best-fitting ” lines and
planes for the cases of = up to n variables for a correlated
system are given in my memoir on regressiont. They

depend upon-a- determination-of-the- means, standard-devia-
tions, and correlation-coefficients of the svstem In such

cases the values of the independent variables are supposed to
be accurately known, and the probable value of the dependent
variable is ascertained.

(2) In many cases of phTﬁlcs and bloloﬁj, however. the -

““ independent ”’ variable is subjecn to just as much deviation
or error as the “dependent”™
example, know x accurately and then proceed to find y, but
both  and y are found by experiment or observation. e
observe & and y and seek for a unique functional relation
between them. Men of given stature may have a variety
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variable. ™ We do not; for
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of leg-lengths; but a point at a given tume will have
one position only, although our observations of both time
and position may be in error, and vary from experiment top
experiment. In the case we are about to deal with, we sup-
pose the observed variables—all subject to error—to be plotted
in plane, three-dimensioned or higher space, and we endeavour
to take a line (or plane) which will be the *“ best ht” to such
a system of points.

Of course the term “best fit”” is really arbitrarv; but a
good fit will clearly be obtained if we make the sum of the
squares of the perpendiculars from the system of points upon
the line or plune a minimum. | '

For example :—Let Py, Py, ... Pa be the system of points
with coordinates .e;, 7,5 oy 323~ -+ n Yn, and perpendicular
distances py, Py -« pa from a line A B, Then we shall make

U=S(p?* =a minimum.
If y were the dependent variable, we should have made
S(y —y)?=a minimum

(y" being the ordinate of the theoretical line at the point
z which corresponds to y), had we wanted to determine the
best-fitting line in the usual manner.

Oy / .;:3
i | *
A 2 1.

3

~;:U 3’?1

&

- Now clearly U=S(p?) is the moment of momentum, the
second moment of the system of points, supposed equally
. loaded, about the line A B. But the second moment of a
system about a series of parallel lines is always least for the
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line going through the centroid. Hence: The hest-filting
straight line for a system of points in a space of any order goes
throual the centroid of the system.

Now let there he » points each fixed hy ¢ variables
Ly, &2-. .2, and let

i1
Ilzg{.z',]/ra, L= Dlag) 1. ‘E'q:S(.rg)/n. . (1)
fix the centroid, or the mean values of the variables :

‘ﬂ-": = (.rll?),:"fz = EIEJ JEJ,_J — S(-ng)/fl — 5-‘22, .

a?rq:S{.rqE}/n——}g?, . (11)
fix the standard-deviations (errors of mean square), or in-
directly the moments of inertia or second-moments about the
axes of coordinates, through the centroid parallel to the axes
of the variables z;, o .. .2, And, lastly, let

. S(‘ru,.r:,-) _""”}ﬂ*-'-'f?

F'Tuln — . . - . - ﬁii.)
Nor,or, )

for all pairs of values of v and » from 1, 2, 3, . .. q, fix the
correlutions of the variables, or indirectly the products of
inertia or product-moments about the axes. .

Now let 4, [, &;.. . l; be the veneralized direction-cosines
of a plane at perpendicular distance p trom the origin, We
shill have

I+ LA+ + =1 ., .. (iv.)

Further, if U be the sum ot the squares of the perpendicular
distances of the system of n points from the plane
{]'r‘ +Iﬂ"?2+{3-5:{+' .= -}-]?I'?“—-p, 4- - . . (1‘.)
we require to make a minimum of "
o o U:S{!lﬁrl'i' [_ml‘g']_!;;ifs +:; -+Z?.Eg—p)zj . (Vi.) .
by variation of /,, ly,...lg, p subject to (iv.). Differentiate
first with regard to p and we have
JIS(J&'!) '{"ZES(IQ) +3;;S (J.'g) + e + Z?S(I?) _'RIJ:O;
p=lie,+ LT+, ..+ ?‘Eb‘! v s oW & (wiL)
. which shows us from {v.) that: the best-pitting plane passes
through the centroid of the system.
Now vary (vi.j and add to it Q times the variation of (iv.),
Q being an undetermined multiplier. We have, by equating
to zero the coefhcient of dl,,, ‘ '

UN(rpen) + 6S(@oma) + .o+ BS(d) +. .+ o3 (zgy)
—pS(n) + Qly =
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Or, substituting for p from (vii.) and using (ii.) and (iii.):
9
zla'rrﬂ'.r,,?'.rlru '}'fgﬂ'ruﬂ'rul‘:rru i . .Zuﬂ'.ru“i‘- .. +fqﬂ'.r Iu?'.ru;rq

+ =0, . .. (i)

n
is the type equation.

Now (vi.) may be wrilten :—
U: ?1{[120‘?;1 + ZEEJ?::I + i + }g‘zﬂ"e_rq + QZIIEJI]JI:PIiIH
+ ...+ EZ _llqﬂ'rq_lﬂ'.rqf:,‘,_ qu} : ("1'111.) EII;S

Multiplying each type equation by its corresponding Iy,
adding together and remembering (iv.), we find
Un  Q
i Al — or =—U
n n ] Q o

where Uz is the minimum value of U.
Now let X2 be the mean square of the residuals, or

¢ <2 S(Zlaﬁ "‘1"2?3?3';". i ‘I“Eq.rq—py

N

Then B
——

and a physical meaning has been given to Q, ¥ —Q/n is the
“mean square residual,”—/. e, the quantity, the square of
which is the mean square of the residuals.

The type equation (viii.) may now be written's

ZIU'J],JIFIII;: + ]jﬂ.-rla-:“r:‘:u + ... + [H(J:}Iu _E')

+ Jqﬂ'rqﬂ'rt,?‘rqru :0. . (i?'h)

‘We can eliminate the {'s and dividing out row and column_ .
of resulting determinant hy the corresponding o, we have: .

x3 :
1_ s T <A [ - 0, - . (x_)
a-?: :::33 ?IIIJ, S ?'_rl_r? : .
1 |
iy ey wmen s N : ——
# :rrrl } 1 JQI 2 rrh"rﬂ’ N Tir:.'rq |
’ i -
B S E™ - = wr E
SRR i
- - i
52 |

| st TmE,  Trp, 1——
<9

as a determinantal equation to find 22 We must choose the |
least root of this equation, for the meun square residual must
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he as small as possible. Substitute this value of X? in the
type equations (viii.), and we find the required values of
L, by - < g, using (iv.).

This is the camp!ete analytical solution of the problem of
drawing the best-fitting plane through n non.coplanar points.
We see that it depeuda only on a Lxlmvledge ot the means,
standard-deviations, and correlations of the g variables.

Whenever we may suppose that variution is due to errors of
observation or measurement,—:. e., is not organic, but there
exists a unique functional relation between the true values
of the variables,—then, ussuming it of the first degree, we may
determine the best values of the constants in the manner given
above. |

(3) A geometrical interpretation is of course to be found
from (viii.) brs.  Consider the quadric

=}
I:TBJ.‘;IIE -+ (I‘E,r.‘.rg" + G & + GE.I'?;E?E + ?J.E;U'IJTJ"J"J?J.JE

v i
+.. . +20z,_\0r 1z, 1T 12g=¢€, . . (xi)

where € 1s any line. Then this qu: adric will be ¢ ellipsoidal ”
since the coefficients of z*...z¢" are all positive quantities.
Let R be its radius-vector measured in the direction , 1,; .. . [,
or perp{,ndlcular to the plane from which we are measuring
the residuals ; then clearly:

U:HEJ!I{?,
5 FaoeBE - i 6 e . (xi1.)

Thus the inverse square of the radius of this “ ellipsoid ”
measures the square of the mean square residual. We shall
speak of the ellipsoid as the ellipsoid of residuals. Since X is
to be 2 mipimum, R must be a maximum ;. or we conclude :
that the best-ptting plane is perpendicular to the greatest axis
of the e!frpmuf or residuals and the minimum mean square
residual varies inversely as the length of this axis.

A case of failure call only arize if the ellipsoid of residuals
uegenerates into an ¢ oblate spheroid,” i.e., when ev ery plane
throucrh its shorter axis 1s one ot “ best fit,”” or into a sphere,
when ¢ every plane through the centroid of the system of points
1s an equnllv good fit. This sphericity of distribution of
points in space involves the vanishing of all the correlutions
between the variables and the equality of all their standard-
deviations. It corresponds to isotropic inertia in the theory
of moments in dynamics.

(4) The theory of the best-fitting straight line need not
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detain us long. Let its equation be

/ ! / /
z',—.'rl _I’ﬂ—xg :3?3—.1'3 - .rq—.rg

21 — [2 T—...T —f. ¢_(.‘Llllt‘

Draw the plane perpendicular to this line through &/, )’

f‘
‘1.3'-0- g,le

31331 + Zf_h'\'.':_r + 23;1'3 + N e 'I‘ [qr.?z H,
where H=l2/ + Loy’ + Lz +.. .+ g7, .

Then if p be the perpt:ndir:u]ﬂr from any point n space or
the line (x1ii.):

pr=(n—eP+(@—2)+.. . +(zg— 1))
_— { zl (I‘l"“mlr) + z-g (.1'2—*.1‘;) ‘}' 53 (q.r:;_ ;53") + P + zg(.l‘g---?‘q!) }2
Now 288 o .rq’ and {}, I;...{q, subject to the relation
24024012 +...+82=1, are thc conslunts af. our uuposai
Sum p? and diﬂ'erentmte to find when U=8( p?) is a minimum,
We have for type equation

-

b(a‘u—.‘ru )-]"[q zl(r,—:rl )+I¢(I1“Tu )+- . -+[g(.1‘g"".rgr)}.
whence we see:

Q} Pyl — Ty ” ; g
( “ e —EJ'II'IIT'I{'.'tFIC‘.’II hll"lt‘[lﬂll Df J"."-.

[
Or, we must have i
2= ! = / = L '
-”1_*’-'1 _‘:2_‘?.‘] L -_ﬁr?'—"".lq
] - —_—— . e T ]

which show us that the straight line passes (as we have already
noted) throun*h the centrmd of the system. e can accord-
ingly. take 7,z ... 7y’ to be that centroid, :md we-find ;-
< U _ S( p2)

L I

~ [P + e s + . . . + B0,

+ : Zzgﬂ'.rla'_n‘?':1:'1+¢*++ z-—lfqﬂ'.rq 10',1-??.1'.; 11:.;.]

2
=U‘.rt + 0% 4. . 4a’ Lo

= s But, the expression in square brackets is precisely the square

of the mean square re'-“-ldual with regard to the_plane,
1(-95'1—‘3'1) -+ Zz(fﬂ_‘fﬂ) +.-- '*'-’7?( ?"'“"9) =0,
or 32. Thus we have: "
TfE.._.G.E +0'2;|:1+.. '+UEIQ_EE'

ij - =
\Tuw clearly o?z o z,F---+0°zg 15 a constant. Hence
S/2 will be 2 minimum w G 32 is a-maximum, or when the
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plane perpendicular to the best-fitting line is perpendicular
to tho least axis of the ellipsoid of residuals. Thus we find :
That the line which jits best a system of n points in g-fold space
asses through the centroid of the system and coincides in
direction with the least azis of the ellipsod of residuals.
The mean square residual (which nieasures of course the

clozeness of the fit) 1s given by

4

| L] E -
2= »\/a'.r1+cr‘ri+...-{-0'2;-q— RY v (x1v.)

where R is the least radius of the ellipsoid of residuals.
The direction-cosines of the line can be found from (ix.) by
giving %2 the least value among the roots of (x.).

Clearly the plane of best fit passes through the line of best
fit, and 1s further perpendicular to the greatest radius, the
maximum axis of the ellipsoid of residuals.

(5) While the geometry of lines and planes of best fit 1s
‘thus seen-to be veryv simple from the standpoint of inertia
ellipsoids,—particularly from the consideration of the surface
which, for the theory of errors, I have termed the ellipsoid of
residuals,—they most frequently occur, perhaps, in the case

of correlated variations or errors, and it 1s thus of interest to-

consider them in relation to the ellipses and ellipsoids which
~arise as “ contours” in correlation surfaces.

Now take the case of two variables z and y only, the
type-ellipse of the contours of the correlation surface 1s,
when referred to its centroid as origin :

z? ¥yt 2royxy 1

o’ ' aly  oxoy
Compare this with the ellipse of residuals

G'E,r.IJE'*' U?yy‘q'{‘ Qﬂ'rﬂ'yr,ry .U’y’=fi.

Clearly if we take 2'=y, y'= —, and &' =0%0% the ellipse of

residuals becomes the correlation tvpe-ellipse. Further,

22 4y 2=+ 3% or the two ellipses bave equal rays, but they. ..

are at rvight-angles to each other. Thus the best-fitting
straight line for the system of points coincides in direction
with the major axis of the correlation ellipse, and the mean

square residual for this line

product of standard deviations
~ semi-major axis of correlation ellipse’

Plil. Mag. S. 6. Vol. 2. No. 11. Noe. 1301. 2D
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The geometry of these results is indicated in the accompanyin
diagram :—

EE is found hy making S(y'—y)* a minimum,

o
o

FE/ 19 '} S(ml-x)g E}
AAI 19 1 S{.I:rﬂ) LR
2 Try T
The equation to EE' referred to C iz y= I;;yﬂ-':
| TryOx
7 v FF' r 2 = oy A

The angle 8 which AA’ makes with O is determined hy

2rry ox 0y

tan 29 ==

oy

r

g p—

-

Further : | )
(Mean sq. residual)?=a"r o*y/cot’ 0

=1(e%+ %) =} V [ Frm o + APy Tz Yy,

O AX/S or & - VARIABLE x.
5\ F 1
\ |
F . * ) {
™ fi
~ X * \\ . ' 551{
b ‘E\.h c * ’.\‘ * e #ﬂ
t - |
i L \H L L . &h Of .
n . .\ Hf’
" ¥ . i 1
N -~ o\ v
~ » A - 1 t
1‘.. H..‘ & B ] :
e . i ‘\"‘; = |
3 PR . :
> ~ X - c** i
E < £ > L
f‘l . ‘u& - I
L T S 1 I
L ] \ L .
L ] ) LY \'\ M l
H 'k‘ a8 . |
\ . e 1 e e S
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Y -y
% F ] \'ﬂ:-pl
AN Y
R SRR S T S %
F o '*T-_L e A
3 e : .
oy o T A B R 2
¥ ) N A
% My
T '*::-“:n u'e-ﬂ.a
LY
— s e g i = ._Q‘. e, _*'__" U 'e. e
" Tgnd
e i
2
Ty
Y
o
-
e

\
'

directions of independent or u

Physically the axes of the correlation type-ellipse are the

ncorrelated variation. Hence

the line of best fit is a direction of uncorrelated variation.
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(6) We turn to the correlation t}fpe-“ ellipsoid ? for q
variables. It 1s%*:

0 ] -
1’ Zo~ 2122
Au T o -ﬁe*z 7 ﬁ??
g x| G‘xg Iq Tr10xe
Ty 1 )
+ ------ +2aq,—.lq "-'_Iq"'_"q_ -— l’ ¥ . (lv-)

where Ay, Augy Do .. Bg_iq, By are the minors cor respond-
ing to the constituents marked hy the same subscripts of the
datermmant

& = 1 ’rlg rl;i ------ Tlg - . - * * (x‘?i . ) "
T'91 1 Tag sevee- T9q
rgl r?'g rqa 111111 1

Now let us find the directions and maguitudes of the
principal axes of this ellipsoid. We must make

WB=r2 L2+ ...-+rg‘3-_

o maximum. Or if Q be an indeterminate multiplier, we
have :
Ta

(ﬁu'i'Qﬂ"r ;— ’H}-mﬁ + 03— 2+ +51? =0,

2 £3 Oz, Oz,

z W\ T T, 2
ﬁlq&i*’(ﬁﬂ*‘qurf):{ +A.‘!5'a3 '}'_.'-.-4‘13.3? = :0,

By +aw——— Fooot (B + Qo) - =0(xvii,)

e ozxq

+ &..q

l '2 T3

~ Multiply the last g—1 of these equations by 7y, 733,27 Tig
respectively and add them to the first, then we know that:

ﬁll"'rlﬂ‘ﬁlﬂ"]'r]gﬂm'l.' ‘v aw "1-?'1,?{.319 :ﬁ’
and if v be not 1:
&IM'E‘TLE ﬁ‘.‘ﬂ: 53 ”'13 ﬁm + SR +T1q ﬁgu=0.

* Phil. Traps. vol. clxxxvii. A, p. 302. =

2 P2
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Hence : 1}
(ﬁu‘l‘Qﬂ'gr)““"}'TuQﬂ'.r """"+7']3er h+..-+?'quJ:q£' =
; % T
which may be written :

A
(Qa"" e 1) L0, + Tyaly0r, T 113230z, + .00 + 1120 =0).
2, | ey

Or system (xvii.) may be replaced by :

q ﬁR )
L1001, == ol + T)9290r,0r, “+ 7131300, 0r, + ...+ T]gﬂ?gﬂ':q{}'.rl —=
1

AR?

l:]';,|;'2

. " % S

- - L] - - - - - - L] L] - ] - - L] -

5 | . AR )2:

71T 0x T xy F Ty 00,0 T T3g 302,00 + .. +T¢07x

ﬂ'g‘r?
¢ » W (S¥Y

For multiplving (xvii.) by .y, ay,...2¢ respectively and

'delurr, we find
14 Q”:‘:O

or if R be a maximum or minimum value of «, Q= —1/R>.
Now compare these equations with those wa obtain for the
directions and magnitudes of axes of the c[ltp-01d of residuals:

-I p rl' 1 o ]
G’E‘rlxl E+ a _'r:qrﬂ» 2 + PR +‘Ti.rq.1gﬁ + zrlza‘ridrﬂtrlrllgr + .
- — 4 -.
L O

; € -
| R 4 " ! _ 1
.1'10' "'rl (l I’tr;a'-z )+ ?IE'EE U:ﬂgrl-f- 4 -+r1q‘1? ﬂ'Iani _,_,.,'_"Q,
: E4 _ :
.r =,
- riwfcl O'.:l.' ET:I.' +.Taﬂ 14(1 : “.r:!.a__n_)'i' Ve +'rfq;r[!rﬂ':qﬂ"r1_——0’_-_
I, :

— ey T 8 me

. & o N

Now eliminate the z’s from (xviii.) and the 2’s from (xx.)
and we have precisely the same determinant to find
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AR?and ¢'/R?. Hence for the semi-axes or max.-min.
values :
AR =IR? & o 4« w x = [E3L)
Equations (xviii.) and (xx.) will now give the same values for
the ratios of the 2's and of the z’s, or for any axis:

o =asfxy) =xsfad= .. Lo=agfed .. (sxiL)
But (xxii.) combined with (xxi.) gives us:
€ l e 2 2 ’
1 . € @y

Zq (xxiil.)

VAR T O /ART T JARP
In other words, if we define points given by (xxiii.) to be
corresponding points,—i. e., it corresponding points lie on the
same line at distances inversely as each other from the origin,—
then the ends of the principal axes of the two ellipsoids are
corresponding points. Thus the principal axes of the correla-
tion ellipsoid coincide with those of the ellipsoid of residuals
in direction, and 2 minimum axis of the one is a maximum
axis of the other and vice versa. We therefore conclude:
(i.) That the best fitting plane to a system of points is
perpendicular to the least axis of the correlation ellipsoid, and
that if 2 R,;, be the length of this axis the mean square

residual = VAx R . where A is the well-known deter-
minant of the correlation coefficients.

(ii.) The best-fitting straight line to a system of points
coincides in direction with the maximum axis of the correla-
tion ellipsoid, and the mean square residual

— \/ﬂ"'!_rl -+ 6'2;2-1-0':1: + ...t ﬂ‘?.rq-ﬁ; ]_{imu,’ " i(}:Ki\'.)

where 2 R may, is the length of the maximum axis.

e have thus the properties of the best-fitting plane and
line in terms of the correlation ellipsoid, ~which is the-one - -~
cenerally adopted for variation problems. At the same time
our investigation shows us that the g directions of independent
- variation and the standard-deviations of the independent
variables may be found from the ellipsoid of residuals, which
*will usually be a process involving much simpler arithmetic.
(7). Numerical Illustrations. T

Case (i.). Find the best fitting straight line to the following
system of points supposed of equal weight :

g= 4 =29 =44 y=37
z= 9 y=34 r=52 y=28
z=18 y=44 g=061  y=28
#=2'0 y=406 =63 y=24
ra=33 =40 z=T74 .. y=13
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We have at once : | ,
z=2382 =370
U‘z=23748 ay= 12381325
ry=—"9765 |
tan 29:2?‘:3{0':12?5;/(0':‘2—0}9) =—15535.
Hence : tanf=—-54556, or the best-fitting line passes
through the point 3-82, 370 ata slope of —*546. This line
1s shown in the accompanying diagram by AB. The mean

EEEy

N

N

-
L faid iy
=

N

~

~B

0 T
square residual is-2484. Had we made S(y—%')?a minimum,

the slope of the ¢ best-fitting >’ line would have been —-5396
e

‘and the mean square residual 2828 ;" had e made S(r—
a minimum, the slope of the ¢ best-fitting.”” line would have

. been —*5659, and the mean square residual *5118. These

lines are of course the regression lines of slopes 7zy0y/or and
oy[(rzyoz) to the horizontal .and mean. square -vertical and -

horizontal residuals of oy /1 —7* and oz 4/ 1—r*respectively.

- —dllustrotion (2).—The following system gives--four-values_

of a certain function z:

z=2. =4,
y=16 219 | 127

y=26 . |. 261 )|
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‘Let us find the best-fitting plane, treating these as four
points in three~dimensioned space. We have at once

z =3, y =21, z =209'5
ar=1, oy= 9, o= 500275
rzycyo:=182'3, ri:ozcz=—30"9, rryczoy=0.
Thus the ellipsoid of residuals is:
2%+ 257+ 25027522+ 365yz — 6l =¢".

The equations to find the direction-cosines are :

(?+?Q)zl+o l,—61.1,=0,
o.z]+(50+2§)zﬂ+365z=0

—0611, 4365+ (5005'5 + 2 §) {y= 1)
Whence writing 2:%:% (11=numb'e.r of points=+) the cubic
for y is:

C=x>+5057"5+ 123,440y + 48,050 =0.

TWe want the least root: '
x=0, C=+; x=—"3, C=—; x=—100, C=+; y=—=,
C=—. Thus the required root lies between 0 and —-3.
It 1s easiiy found to be
x1= —395,660.

Thus — % =-197830, and the mean square residual
7 ' ;

/\/ —-4443 |

We easily deduce :
| h L
3802187 .. 735823 _ 1"

_Thus the he:t ﬁl:tmfr plaue 1S 2

38:02187 (x—3) —7-35823 (y=21) 7 =2095=0,"

or:
z+3502187z - 7-35823y—1693-03778 =0. . (zxv.)

If we find the values for = for given z and y, say those of the
four points, which are

. 211-7, 1357, 2833, 2073, |
we should nol be impressed by the goodness of the fit. But
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the small value of the mean square residual shows how close
to each of the points the plane really goes when we measure
its distance from a point not by the vertical intercept, but by
the perpendicular from the point on the plane. Thus the
vertical distance from x=4, y=16, z=127, to the plane is
87, but the perpendicular distance is only “1938.

]('lf x: and y; be the other two roots of the cubic C we easily
find: .

Xexs=121,442:65, ot y;= —5057-10434.
Thus we have the quadratic to find y, and y,
2C -+ 505710434y + 121,442:65 =0,

or:
Yo= —24°12895, 5y= ~5032-97445.

x3 gives the least axis of the ellipsoid of residuals ; hence the
direction-cosines of this axis are miven by -
o J

4 _ L o Iy
—-012,125 -073,249 I’
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We have accordingly for the eguutioﬁ of the best-fitting

straight line to the four points :
T  s=3  y—=21  z-2095 (xvi)
—12:125 7 73249 T 1000 .

The mean square residual for this line ' is given!by (xiv.)

This again- is remarkably small, considering how far our
{four points are from being co-linear. N .
- The reader will easily. prove directly that the best line -2
(xxv1.) really lies in the best plane (xxv)), - Y
These two illustrations may suftice to show that the methods ;
-of- this paper_can be easily appiied to numerieal-problems+—
‘the labour is not largely increased if we have a considerable :
number of points. It becomes more cumbersome if we have
four, five, or more variables or characters which involve the
determination of the least (or greatest) root (as the case may :
be) or an equation of the fourth, fifth, or higher order.’
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Still, the coefficients being numerical and all the roots real Z
' “and negative, it is not very difficult to localize them.. s
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