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Using the method of Lagrange multipliers, one eventually finds the matrix relation:
(H — H— \)M =0 Q)

where H; and Hj are the respective matrices of the sums of squares and products for the
plane and line data (like equation (1) with U= [0, 0, 0]), M is a unit vector, and A is the
Lagrange multiplier. The minimum eigenvector from the combined matrix, H' =H; - H;,
is now the best least-squares estimate of the joint remanence direction. This procedure
may be equally used to find the best direction for a sample with many specimens or to
combine data from many samples.

Although this procedure will isolate the best remanence direction with both lines and
planes, the corresponding problem of calculating the directional (Bingham-type) concentra-
tion parameters and error-ovals has not yet fully been solved. The intermediate eigenvector
of H' will parallel the largest (least-precise) axis of the confidence oval, and it is known that
the eigenvalues of H' sum to J — I. Further work on this problem is continuing.

6.2 METHOD 2

If through some simple transformation the equatorial and bipolar groups of points on the
unit sphere could be mapped into a common spherical distribution, the data would be
homogeneous and manageable. Again, this transformation should treat demagnetization lines
and Hoffman—Day directions equally and allow for the calculation of error parameters. One
such transformation is to replace each direction in the bipolar cluster with two others which
are mutually orthogonal to it. These two new points then lie on the equatorial distribution
along with poles from the demagnetization planes, and the final distribution may be handled
like those-for the intersecting demagnetization planes discussed above. Fortunately, it has
been shown that amy two orthogonal directions considered as a pair in this manner
contribute equally to each term in the matrix of sums and squares and products (equation
(1) with U= [0, 0, 0]). Thus, an arbitrary pair of mutuaily orthogonal points perpendicular
to a line or Hoffman—Day direction may be used in the analysis without loss of generality,
and Bingham statistics may be calculated from the final matrix. An unresolved question,
however, is the manner in which the two new equatorial points should be weighted in the
analysis compared to poles from demagnetization planes. The one-specimen, one-point rule
commonly used in Fisherian statistics suggests that the two new directions each be given half
weight since they arise from only one specimen. Eigenvalues from the joint matrix will then
sum to the total number of samples, N. Therefore, in lieu of a more rigorous derivation, half
weights will be used in the following examples.

7 Examples

7.1 NON-INTERSECTING DEMAGNETIZATION PLANES: AN EXAMPLE FROM
SIBERIA

For this first example, 126 separately oriented samples were collected from a locality called
Zerinsky Mys south of Yakutsk on the Lena River in Siberia (USSR). Oriented cores 2.5 cm
in diameter were collected with a hand-held drill at regular intervals from 55 m of red to
grey, flatlying limestone. Strata were palaeontologically dated as lower Tommotian to
Atdabanian (both lower Cambrian). One specimen from each core was thermally de-
magnetized using standard techniques in nine steps up to 650°C (NRM, 150, 250, 350, 450,
500, 530, 560, 610, 650). Of the palegrey samples, 46 became unstable and gave
irreproducible results after treatment above 560°; for these, the unstable steps were omitted
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from the subsequent analysis as they clearly did not represent measurements of the natural
magnetism. Presumably, their remanence was carried by magnetite and/or titanomagnetite
with Curie temperatures near 580°C. The magnetization of these rocks will be described in
more detail elsewhere (Kirschvink & Rozanov, in preparation).

The natural remanent magnetization (NRM) for most of the Siberian rocks was directed
northerly with steep downward inclination, suggesting that most of it was recently acquired
in the present magnetic field. Upon progressive demagnetization, 96 samples produced
visually acceptable arcs on a stereonet and indicated the presence of a two-polarity
component of smaller magnitude and higher thermal stability, Only three specimens reached
stable endpoints. The two-component system present in 96 specimens therefore offers a
good test for comparing various techniques which have been proposed for estimating the
orientation of coplanar points along a demagnetization path.,

As noted earlier, either of two antiparalle! directions may be used to specify the direction
for a pole to a demagnetization plane without affecting Bingham statistics. The direction in
which the remanence moves upon demagnetization may have significance for polarity
interpretation, however, so it seems advantageous to consistently select one of the direc-
tions. In the example at hand, most arcs begin at steep, northerly directions and move
upon demagnetization towards shallow NE or SW declinations, depending upon the polarity
of the primary (more stable) component. For this and in the following examples, a right-
handed convention has been used for selecting the pole direction (e.g. the pole most paralle]
to the vector cross-product, (low demag) x (high demag), represents the plane). Thus poles
with SE declinations indicate arcs moving towards the NE, and NW declinations indicate
arcs moving toward the SW.

In the present example, tectonic or other geologic processes have not acted to scatter
one magnetic component relative to the other. This case is therefore distinctly different
from those described by Halls (1976, 1978) where both discrete directions could be found
-by using converging circular paths. These are sub-parallel, non-converging remagnetization
paths. In the converging case, the scatter of one component relative to the other will cause
poles to demagnetization planes to distribute themselves about an equator on the unit
sphere. Poles will still lie on an equator if neither component is scattered, however, but they
will tend to fall in two clusters at opposite ends of the unit sphere. This is a girdle
distribution with high circular asymmetry (Bingham 1974), and as such resembles the
bipolar cluster of line data. These clusters are perpendicular to both magnetic components;
the principal eigenvector from the spherical least-squares calculation gives the best estimate
of where neither magnetic component lies. Although this information would not tell the
direction of the primary component, it locates a plane in which it must lie. The orientation
of this plane may then be used to constrain the palacogeographic position of the continent
involved.

Each of the five different methods discussed earlier were used to estimate the directions
of poles to the 96 Siberian demagnetization planes. Stereographic equal-area projections on
Fig. 4 give these directions in order of increasing complexity, going from free demagnetiza-
tion planes (Fig. 4A), anchored demagnetization planes (Fig. 4B), remagnetization circles
(Fig. 4C, Halls 1976), difference vectors (Fig. 4D), and to difference-vector paths (Fig. 4E,
Hoffman & Day 1978). Table 1 lists the principal eigenvector for each set of data, along with
the two Bingham concentration parameters and 95 per cent angles of confidence about it.
Visual inspection of Fig. 4(A—E) reveals that in each case the poles are distributed along a
great circle which dips to the SE, with two somewhat dense clusters in the NW and SE.
Values for K2 in Table 1 would be near 0 if the data were circularly distributed about the
equator, thus the observed K2 values indicate a moderate tendency for circular asymmetry.
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Table 1. Comparison of planar techniques for non-intersecting Siberian demagnetization planes.

ul ul

All planes: N Dec Inc K1 K2 OV.aZ.  Qysmin %osmax
Free planes 96 330.9 -163 -9.3 -2.4 103.8 4.1 9.7
Anchored planes 96 335.1 -169 -8.6 -2.7 103.4 43 8.7
Remagnetization circles 96 338.2 -17.7 -8.2 -3.6 103.5 4.2 7.0
Difference vectors 96 329.8 -152 -103 -1.8 101.9 4.0 12.6
Difference vector paths 96 336.1 -16.6 —-10.1 =21 99.7 4.0 10.6
Planes with MAD < 15°:

Free planes 37 328.8 -169 -8.7 -3.6 95.1 6.6 11.1
Anchored planes 37 329.6 -173 -8.6 -3.6 944 6.6 11.0
Remagnetization circles 37 329.6 -16.8 -8.2 -4.1 924 6.7 10.1
Difference vectors 37 327.5 -16.6 -8.8 -3.8 96.1 6.5 10.8
Difference vector paths 37 327.3 -143 -99 -3.1 98.3 6.1 12.6

N — Number of specimens contributing demagnetization planes to the analysis.

u, — (Dec, Inc) Direction of the principal eigenvector. For this analysis, u, estimates the direction in
which neither magnetic component lies.

ov. az. — The spherical angle measured at u, beétween vertical and u,. Directions for the two eigenvectors
unspecified in this table («, and #,) may be found using the direction of u, and the ov. az.

K1, K2 - Bingham’s concentration parameters (from density d~'[K1, K2]exp [K1 (ug-L)*+
K2 (u,-L)*], where L is the random population variable, and d ! is a normalizing constant).

@55 min> %ss max — Bingham’s (1974) approximate angles of 95 per cent confidence. The direction of
@ys max always parallels the intermediate eigenvector (u,).

Similarly, directions for the principal eigenvector («,) found with each of the five methods
do not vary significantly.

Closer examination, however, reveals that the direction of a pole to coplanar data from a
single specimen may vary greatly depending upon which technique is used. For example, the
bipolar cluster for the remagnetization circles on Fig. 4(C) is more distinct than those on
any of the other diagrams; apparently removing the intensity data in this case slightly
improves resolution of the primary component. A more direct test is to compare the angular
difference between estimates of the poles for each specimen with the general coplanarity
of the data. The histogram on Fig. 5(A) shows the distribution of specimens versus their
coplanarity measured by the maximum angle of deviation (MAD, equation 3 above). The
Siberian samples clearly have a wide spectrum of coplanarity; 37 specimens have deviation
angles of less than 15°, while 21 have angles greater than 25°. Intuitively, one expects highly
coplanar data to yield essentially the same pole direction regardless of the technique used,
while marginally coplanar data would yield wildly different directions. Scatter diagrams
(Fig. SB—E) test this prediction by comparing the maximum angle of deviation (MAD)
against the angular distance between poles. Each point on these diagrams represent one
specimen; points to the left represent highly coplanar data while points to the right do not.
If every technique gave identical results, all points on these scatter diagrams would lie close
to the horizontal axis. Fig. 5(B and D) show that there is good directional agreement
between free planes, anchored planes, and difference vectors for MAD values below 15°.
Above this, however, angular differences of nearly 90° are found. The comparison between
free planes, remagnetization circles, and difference-vector paths (Fig. 5C and E) is far worse
— angular differences of 45° or more occur from specimens with small MAD values. Below
values of 15°, remagnetization circles fare slightly better than difference-vector paths; eight



713

Palaeomagnetic data analysis

‘sjutod Jo A3preue|dod SNSIoA SUOHIOATIP

dfod jo jusweaise Jurmoys swelderp 1013e0S — () 01 (g) ‘sojdures ueHaqi§ 9¢ 10J sanfeA VI JO uonnqmisiq — (V) 'sonbruyosa 1euejd jo uosuedwo)) ¢ arndiyg

or

ot

‘AY'N

oz oL ]

ov

ot

06

$81011)

ot

os

09

oL

06

Bewey 'sa saue|d 8014 ‘D

asusiayyq senbuy

#oueiey1q Jeinbuy

AV ‘AY'N
or ot oz o ° or o¢ 0
— — . . . ° + °
LT e .. L o
- oz T - oz
. » .
. . b oc M e W
. Q
= . €
. B . For & . oy m
. t. o
Fos X . I os M
. s s
. e S b
. Bad m - o9 m
. (] [+
L L]
|- 0L - |- o
. | 0e L o8
N o8 o6
Syled 10100/ 83U819441Q 'SA SeuB|d 8914 "I SI0109A 80UBIBJ4I(Q "SA SBUR|d 9914 '
‘av'w
or ot oL o
e sast e R
. o
| oz
g
’ ot W 3
Q o
g g
for & e
o h]
. 0s m ml
g :
. 09 W [
o
o
b oc
;- 08
uonnqinsia ‘gvw v
. L o6

SeuB|d POIOYIUY "SA 8914 ‘g




714 J. L. Kirschvink

of 37 circles change their direction by more than 10° whereas 14 of 37 difference-vector
paths change. Truncation of the intensity is probably responsible for these differences when
compared to free demagnetization planes. A similar comparison between remagnetization
circles and difference-vector paths (Fig. 5F) shows poor directional agreement.

In summary, difference vectors, free and anchored demagnetization planes yield similar
poles to coplanar demagnetization data for MAD values below 15°; remagnetization circles
enhance the effect of weak components while difference-vector paths increase the degree of
scatter. Because pole directions were not highly reproducible for the 59 samples with MAD
values larger than 15°, they were removed and the calculations for Table 1 repeated as

up
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Figure 6. Vector demagnetization diagrams. Numbers along the axes refer to the magnetic intensity in
units of 10" *emu g™ (or A m?kg™!). Paths labelled D (declination) show the horizontal projection into
the bedding plane of the demagnetization path, and those labelled I (inclination) plot the vertical
component against the horizontal. Although it is not strictly an orthogonal projection, an inclination
curve plotted in this fashion directly shows the inclination and intensity of the remanence vector at each
demagnetization point. Occasionally, a line will plot on this curve as part of a hyperbola. The sampling
locality, Tiout, is at 30.35° N, 8.67° W.
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shown. In each case the value of K2 became more negative indicating a greater tendency
for bipolar clustering. Again, the direction for u, is not sensitive to the particular technique
used. For the remaining 37 samples, Bingham’s (1974) asymptotic ovals of 95 per cent
confidence around the principal eigenvector are shown on each diagram on Fig. 4. With 95
per cent confidence, the primary remanence direction should lie somewhere within the
equatorial bands drawn on Fig. 4(C). Given the additional geologic information that there
are diverse Archeocyathid bioherms with abundant carbonate sediments, a low-latitude
of deposition (< 30°) may be inferred. The shaded area on Fig. 4(C) therefore gives the most
probable locus of the palaeomagnetic axial dipole direction for Lower Cambrian time on
the Siberian platform. This is as far as the analysis of the primary magnetic component may
go without invoking additional assumptions concerning the nature of the blocking tempera-
ture distribution for each component.

7.2 JOINT LINE AND PLANE ANALYSIS: THE SERIE LIE DE VIN, MOROCCO

In the previous example, remagnetization parallel to the present local magnetic field
obscured the primary magnetic component of most specimens. A better example to illustrate
the joint analysis of demagnetization lines and planes comes from the basal units of the Late
Precambrian Série lie de Vin, exposed near the village of Tiout in the Anti—Atlas mountains,
Morocco. A total of 28, 2.5 cm diameter oriented core samples were collected at regular
intervals through 70 m of strata. One specimen from each core was subsequently thermally
demagnetized in a manner similar to that described for the Siberian samples above. Typical
demagnetization paths are shown on the vector diagrams in Fig. 6. Above 300—350°C,
most specimens decay linearly towards the origin and indicate the presence of a single
characteristic magnetic component. A principal component search of the data set along the
lines of Fig. 1 located 21 specimens, each of which had four or more collinear points and
MAD values of less than 10°. Of these, 19 included the origin. Although the remaining
seven specimens did not have demagnetization lines, all had demagnetization planes with five
or more points and MAD values below 10°. Corresponding directions for lines and planes of
best least-squares fit, anchored to the origin where appropriate, are shown in Fig. 7(A).

90

Method 2 Method 1

e

90

Transformed
Lines . 5%,

180 180

Figure 7. Results from the Série lie de Vin, Morocco. (A) — Circles are the directions for 21 demagnetiza-
tion lines with MAD values below 10°. Squares show similar directions to the poles for the remaining
seven demagnetization planes. Ovals plotted on A, B and C are the average directions and Bingham 95 per
cent confidence ovals as listed on Table 2.
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Table 2. Combined line and plane directions for the Série lie de Vin, Anti—Atlas Mountains, Morocco.
Results enclosed with parentheses have not been corrected for local tilt of the strata.

N Dec Inc K1 K2 OV.3Z.  Qgemin %esmax
Lines 1 168.1 -38.7 -26.25 -10.03 1183 4.4 7.3)

21 161.8 -20.2 -17.36 -—-1444 1054 54 6.0
Lines, transformed 21 175.9 -394 -11.10 -041 1277 9.4 10.7)

21 169.4 -21.2 —-8.82 -0.32 113.7 109 12.1
Planes “ 175.8 -36.1 -7041 -0.82 4238 5.8 1.2)

7 167.6 —145 2846 094 352 9.2 11.9

Method 1 combined 28 169.5 -38.2 48.8

28 162.9 -19.3 47.3
Method 2 combined 28 176.1 -385 -13.16 -0.05 116.1 7.6 1.9)

28 169.3 -19.7 -10.05 -0.10 70.0 8.6 9.2

N — Number of lines or planes in each analysis.

Dec, Inc — Direction of average remanence.

K1, K2 — Bingham concentration parameters (see Table 1).

ov. az. — The spherical angle measured at the remanence direction between vertical and the direction of

%95 max-
Qs mins ®esmax — Bingham’s (1974) approximate angles of 95 per cent confidence. The direction of

@y max 2lways parallels the intermediate eigenvector.

As expected, poles to the seven demagnetization planes lie on a great circle roughly 90°
from the antipodal cluster of linear directions.

Table 1 and Fig. 7 separately list and plot the remanence directions and associated
Bingttam statistics for the collinear and coplanar data, as well as for the equatorially trans-
formed lines (Section 6.2 above) and joint estimates (methods 1 and 2, Sections 6.1 and
6.2 above). After tilt correction, the remanence direction as estimated separately from lines
and planes differs by 8°, it is therefore worthwhile to test the hypothesis that the directions
are not statistically different before the data are used in a joint calculation. At the present
time, the best available method for doing this is to transform the antipodal line directions
into a girdle distribution according to Section 6.2 above, and then use Watson’s (1965)
directional test. Written in terms of the eigenvalues, large vatues of the Fratio statistic,

L+P—-4 7\min, combined — )\min, planes — >\min, T. lines

2

©®

Fo,L+P_4)=
)‘min, planes + )‘min, T. lines

indicate that the directions are distinct. For this example with 21 lines and seven planes,
F, 24=0.278, implying that the directions cannot be distinguished at the 99 per cent
confidence level and they may be combined. Note, however, that the equatorial transforma-
tion of the linear data alone produced a 7° shift in remanence direction which may have
contributed to the apparent significance of this test. The combined remanence direction
found with method 2 also reflects this bias and is closer to the transformed line directions
than the original. Method 1 yields the preferred remanence direction which lies between that
computed for isolated lines and planes, but error parameters cannot, as yet, be calculated
for it.

Conclusions

1. Principal component analysis may be used to find and estimate the directions of lines and
planes of best least-squares fit along a demagnetization path of a palaeomagnetic specimen.
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These lines and planes are based on all of the available data, not just on the two end points
of a line segment (like vector subtraction) or on directions devoid of intensity (like re-
magnetization circles and difference vector paths).

2. Because eigenvalues from the principal component analysis are the variance (0%)
around the mean along each principal axis, they may be used to indicate the relative
collinearity or coplanarity of a set of points. The Maximum Angular Deviation (MAD)
calculated from the variance provides a palacomagnetic precision index based only on the
geometry of the data set.

3. Demagnetization planes may be used in place of difference-vector paths for locating
Hoffman—Day directions, thereby increasing the accuracy by avoiding the vector subtraction
and intensity truncation steps.

4. Demagnetization planes are useful in palacomagnetic studies because their poles give
an estimate of a direction in which two magnetic components do not lie. This additional
information may be used along with directions from demagnetization lines to estimate an
average direction for a component of magnetic remanence.
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